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An approximate method for analysing diffusion processes in a natural mechanical system when there are
perturbing forces similar to normal white noise is proposed. It is based on orthogonal expansions of the
one-dimensional probability density of the state vector in a suitable Hilbert space of functions which are
square-integrable with respect to a certain measure in the phase space (manifold) of the system. The
method consists of solving a special system of linear ordinary differential equations for the expansion
coefficients, and is suitable for computer implementation. The method is rigorously proved. The motion of
a two-dimensional mathematical pendulum in a random medium is investigated as an example.

1. FORMULATION OF THE PROBLEM

CoNsIDER a natural mechanical system subject to time-independent geometrical constraints. Let
be a (smooth) configurational manifold of positions, of dimension n, and q = {q,, . . ., ¢, are local
coordinates on (). We will assume that the system is subject to the action of conservative forces with
potential energy I1(q), dissipative forces which are derivatives of the Rayleigh function ¢*'D(q)q’/2,
and also random forces, represented by a random vector F = b(q) V(¢), where V(¢) = [V,.. . V] is
a vector of normally distributed white noise with constant intensity matrix v (of dimensions /X [),
b(q) a certain matrix-valued function of dimensions n X [.
We will write the equations of motion of the system in Hamiltonian form

q =0H/ap, p =-3H/3q~-D*(Qp+bOV(), q(to)=qo, Pfo)=Ppo (1.1)
H=p'Q(q)p/2+1I(q), D*=DL

where H is the Hamiltonian and () is some positive matrix.

We will further assume that all the deterministic functions D(q), (}(q), b(q), I1(q) are sufficiently
smooth.

Equations (1.1) are Ito stochastic differential equations in the manifold X = T*Q (the phase
space of the system) [1, 2]. They define a diffusion process controlled by a second-order operator
which is parabolic in the wide sense

'H d H  , N 1 N
G = — —{—+p'D*}—+—trfo— —Y), o=bub
dp 9q aq ap 2 9p dp

The one-dimensional probability density f(x, #) of the process x(¢) = [q(¢)'p(¢)’] relative to a
phase volume element dug = dgq; . . .dq,dp, . . . dp, satisfies the Fokker-Planck—-Kolmogorov equa-
tion df/ot= G*F, where G™ is the adjoint of the infinitesimal operator G of the process x(t).
Written in full, this equation is
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_Ei]:-f»_?i(ﬂf __?._r_ 'ili*'D' )f] 1t g ot -y o
ot aq ap ) ap [( aq P 2 I(O ap ap f) = (1.2
l{,f(X,t)duo =1, f(x,t0)=fo(X)

It is not possible to solve Eq. (1.2) exactly in all generality. We therefore set ourselves the task of
finding an approximation to the one-dimensional distribution of the state vector.

There is a considerable amount of literature on approximate methods for analysing stochastic differential
systems (SDS) (for a survey, see, for example [3]). Most of these methods, however, are based on biorthogonal
expansions of the density f with a weight function that depends on unknown parameters (the moments of the
process), so that they are difficult to justify in the rigorous sense and to extend to diffusion in manifolds. In
addition, authors who have considered orthogonal expansions of f have generally confined their attention to the
case X = R"” and assumed that the right-hand sides of the equations are polynomials. A common weakness of
these methods is the lack of a rigorous justification.

Another efficient approach to the analysis of SDS is the method of averaging (see [4] for its application to
some problems of mechanics). Here, however, one must limit oneself to situations in which the slow motion is
one-dimensional.

Some qualitative conclusions as to the behaviour of the system may be derived from the following theorem of
Khas'minskii [5]: if a compact set KC X and a function U(x) =0 exist such that GU{(x)< —1 for x€ K, then a
steady-state solution exists. This solution is unique and ergodic, t.e. it is the (weak) limit of any initial
distribution (see also [6]). For example, if Q is compact and the dissipation is complete. the assumptions of
Khas’minskii’s theorem are satisfied. The role of I/(x) may be assigned to the Hamiltonian H.

The method proposed below is based on orthogonal expansions of the density f and enables one, by solving a
certain system of linear ordinary differential equations of order N, to find approximate expressions for the
one-dimensional density f and for some moment characteristics of x(¢). Conditions will be indicated under
which the approximation error (in the sense of the metric of a certain Hilbert space) will tend to zero as N--s .
The method is suitable for computer implementation.

2. METHOD OF INVESTIGATION

Let L,{(X,u) be the standard Hilbert space of functions &x) on X with measure
wldw = py(x)dpy) and norm || €] = [f x| &x)|°du]"’?, with some orthonormal basis {¢;(x)} [7]. The
index j may be either a vector {in which case j is actually a multi-index varying in some set} or a
scalar (then j=0, 1, 2, .. .). Clearly, as the basis is denumerable, vector indices may always be
replaced by scalars and vice versa. In this section we shall use the scalar notation.

Let us assume regarding the unknown density that f(x, t)/u,(x) € Lo(X, w). If system (1.1) is
smooth, this may always be assured by a suitable shoice of the measure u. Then a unique series
3;¢ie;(x) exists that converges in the metric of L,(X, u) (i.e. in mean square) to f(x.£)/u,(x).
flu~Z¢c;e;, where the coefficients ¢; are given by Fourier’s formulae

jCi€) o
(1) =Xff(X, t)e;j(x)dig = Me;(x) (2.1}

(M is the expectation operator). The coefficients ¢;(¢) satisfy the following denumerably infinite
system of linear ordinary differential equations

¢ = (Me)) = Mej = MGe; (2.2}
Let us assume that Ge; € L, (X, 1); then Ge; may also be expanded in a convergent series

Ge; ~ Zaje;  (aj; = [e;Geydu = const)
i X

and system (2.2) becomes

[S]
"l
—

ci=Zaaj, c{te) = [ fo(x)ej(x)duo (2.
i X

This system is linear but not homogeneous, since f must satisfy a normalizing condition. Most
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frequently, the first of the coefficients ; is simply equal to a known constant (we shall indeed assume
that this is the case here).

It is generally impossible to find an exact solution of the general equation (2.3). We can therefore
confine our attention to the expansion coefficients ¢; up to and including some order N (the other
coefficients are assumed to vanish)

* N .
G = 2 claj (i=1,...,N) (2.4)
i=0

Solving this system with suitable initial conditions, we obtain an approximate value of the
one-dimensional density

N
2060 = ) 200

A singular point of system (2.4) represents a steady-state solution.

3. JUSTIFICATION OF THE METHOD

To justify the method we must estimate the distance between ¢/ () and ¢;(), and between f(x, t)
and f*(x, t), as a function of the order N of the approximation.

Let us consider the first N exact equations (2.3) for¢; (j=1, .. ., N) and compare them with the
approximations (2.4) (the initial conditions match). For each j, the exact equation differs from its
approximation by the quantity a;(¢) = 2;spnc;(t)a;. Let us assume that the series 3c;(t)e;(x)
converges to f/u, (in the L, (X, u)-norm) uniformly in ¢. Then, since

2 - || 2 = 2
’_2= o l ol anﬁ Il Ge; ||
it follows from the Cauchy-Schwarz inequality that
I z c,-(t)a]-,-l <V X oV T @& (3.1
i>N i>N* i>n
and moreover
Z @) < e, Z 2 =x.W\
i>N ' i>N I !

with e(N)—0 as N— o,
Let x(N) = max;<j<n|x;(N). Then it follows from (3.1) that

'aj(t)|<€1(N)’j= 1’ . "N’ €1(N)E v E(N)X(N)

Thus, the system of the first N exact equations (2.3) and the system of N approximate linear
differential equations with constant coefficients differ by a certain column vector a(¢) = [a; ...
ay]’, which is bounded as a function of r. Let us assume that all the real parts of the eigenvalues of
the matrix Ay of system (2.4) are negative, i.e. the approximate system is stable with respect to
persistent perturbations. Then

t
(N, €)= sgp s1>1p exp (tAy) [ exp(~TAp)a(r)dr (3.2)
t>t t,

[
exists, where the infimum is taken over the set B of smooth vector-valued functions a(¢) that are
bounded as functions of ¢ by the positive number ¢, (that is, |a;(t)|<e€,j=1,..., N).

Let k(N, €) denote the maximum component of the N-vector ;. This quantity (N, ;)
characterizes the transfer properties of the approximate system (2.4). For simplicity, we shall
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estimate k(N, ;) on the assumption that all the eigenvalues A, (i = 1, ..., N) of Ay are simple. in
that case, R" [the phase space of system (2.4)] splits as a direct sum of one- and two-dimensional
invariant subspaces for Ay, and there is a real transformation of variables u = We, that brings
system (2.4) to canonical form (see, e.g. [8]). In the new variables u, the matrix of the linear system
has along its principal diagonal either real eigenvalues or 2 by 2 blocks

!i B, B2
| s 8,

[corresponding to eigenvalues of the form B, +if; (8, <OM]. It is now quite easy to estimate « for
each subsystem. The result, obtained by combining the results for the entire system is

(]

L

KWV, €1) < V2 e, N*ky, Kk, =max | ¥y | max | Y {/min | Re X; | {
i iJ i

where ; and ¢7 (i, j= 1, ..., N) are the elements of the matrices W and W', respectively.

Note that ¥ is the matrix of the transformation to a coordinate system consisting of eigenvectors
of the operator Ay (if they are complex, take their real and imaginary parts separately). If one
requires these to be unit vectors, then max, | ;| = 1.

The estimation of « when some eigenvalues are multiple is similar.

The system consisting of the first N exact equations (2.3) is obtained by perturbing the
approximate system (2.4) by a certain bounded vector «(r). Since all the eigenvalues of Ay are
negative, it follows from the formula for the general solution of an inhomogeneous linear equation
[8] and from (3.2) that the solutions of the exact and approximate systems in this case differ by at
most k(N, €,(N)). i.e.

() e (O] SN, e (N (=1, ... N)

Consequently, if k(N, €,(N))—0as N— =, then also ¢;—¢/ (j= 1. .. .. N) uniformly in 7.
We will now estimate the distance between f(x, ¢) and f*(x, 7). We will use the Parseval equality

.
B =Yl = 2 (g-¢ P+ 2 o
i=0 I>N

it implies that, under all our assumptions

NCf =) 1P < NPV, e, (V) + e(V)

If we require in addition that N«*(N, € (N))->0 as N— o then also [|(f~ f*V -0 as N— =
We have thus proved the following theorem.

Theorem 1. Suppose that the initial SDS (1.1) satisfies the following conditions:

L. f(x, )/ (x) € Lo (X, p) and the Fourier series of this function converges to it uniformly in 1.

2. Gej(x)€ Lo(X, p) for all j.

3. All the real parts of the eigenvalues of the matrix Ay of the approximate system (2.4) are
negative for any sufficiently large V.

4. limpy_,x(N, (N)) =0

Then limy ... |¢;(t)—¢f (1) =0 (j=1,.... N) uniformly in ¢ (1=1).

If we add the next condition.

5. limy . N2 (N, € (N)) = 0 then limy L[ f(x. ) = f*(x. ) /i; (x)]| = 0 uniformly in 1.

Considering inequality (3.3), we can replace conditions 4 and 5. respectively, by

lim N2k, (N)Ve@) x N = 0 and lim N33 (V)e(M)x (V) =0 (3.4)
N = o N — o0

A sufficient condition for these conditions to hold is that the “‘contractive™ properties of the
operator Ay and the rate of decrease of the expansion coefficients of flu; as N increases have
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suppressed the effect of the increasing dimension of the system (which is a power of N) and, as
follows from (3.3), certain effects due to the orientation in RY of the eigenfactors of Ay.
The condition for the Fourier series of f/i to be uniformly convergent implies that

sup z -0 as N - oo
%t <o >N ¢

This condition may be weakened. If

sup E >0 as N-»ow
tgst<t i>N ¢
then all our conclusions remain true for t€[tg, T].

The theorem will also remain true if the sequence of natural numbers N is replaced by a
subsequence N;; the conclusion will then hold as j— .

We will now discuss some aspects of the practical application of Theorem 1. Condition 2 can be
verified directly; the same holds for the estimation of y(N). The term e(N) depends on the
smoothness of f(x,t), which in turn depends on the smoothness of the coefficients of the initial
system (see Sec. 5 below). Some difficulties may be involved in (analytically) checking conditions
3-5. In practice, however, there is no need to investigate the limits (3.4) and the eigenvalues of Ay
as N— «, That task may be assigned to the computer for sufficiently large NV. This also implies the
necessary conclusions as to the exactness of the approximationof ¢;by ¢/ (=1, ..., N)and of fby
fr.

Even if conditions 3-5 of the theorem are violated from some N’ on, the difference between the
exact and approximate coefficients ¢; (j= 1, . . ., N) and between f and f*, considered for N< N,
will not exceed « and Nk*+ ¢, respectively.

Thus, as the order of approximation N is increased (when the conditions of the theorem are
satisfied), our method may be used to obtain the Fourier coefficients of the one-dimensional
density, with an error that tends to zero as N— . Under these conditions f*/u, will converge in the
L, (X, pu)-metric to the exact solution f/u, . It follows, finally, that ff*dug— ffdu, for any domain
A, uniformly in A.

The problem of determining a function given the approximate values of its Fourier coefficients is
ill-posed (see, for example, [9]). The convergence (whether pointwise or uniform) may be improved
by using Tikhonov’s method of regularization.

The software implementation of the method is relatively easy, thanks to the linearity of system (2.4). Asa
result, the computation of the coefficients ¢; of the steady-state sotution reduces to determining the inverse of
the matrix Ay'and multiplying it by the (column) vector of free terms of system (2.4). As to the evaluation of
the ¢;(t)s as functions of time, this can be done either by solving Eqs (2.4) by computer or, relying on available
explicit formulae for solving systems of linear ordinary differential equations, setting up an analytical
expression for exp(—Ayt) and then doing the same for the quasi-moments ¢/ (¢) and density f*(x, ). If xis a
multi-dimensional vector, one can use the known ¢/ (¢) to obtain an approximate expression for the density of
some of its components. As the formulae defining f*(x, ) are rather cumbersome, it is more convenient to
employ standard graphics software in order to plot the results in terms of the input data. To that end, one must
first create an array of values of the density f* for a corresponding array of x values.

4. EXAMPLE

Let us consider the motion of a two-dimensional mathematical pendulum with a smooth potential TT(¢)
depending on its position ¢(mod2), on the assumption that the pendulum is under the action of a moment due
to viscous friction and a certain random moment. This is the problem that must be solved, for example, if one is
considering an unbalanced gyroscope in a Cardan suspension taking inte account the moment due to viscous
friction and a random moment, both moments acting along the internal axis of the Cardan suspension [10]. We
shall pay particular attention to the motion of the pendulum in the uniform field of gravity.

The phase space of the system is a manifold X = R X S, the local coordinates on X are the angle ¢ and the
momentum p. We shall assume that the random moment can be written in the form b{g}V(z), where V() is a
vector of steady white noise with intensity matrix », b(g) is a matrix, and o{¢) = beb” (dimo = 1) is a smooth
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function of ¢. Then the equations of motion in dimensionless variables are as follows (e denotes the coefticient
of friction)

P ED, P = =313 — ep + Blp)V(T) (41
These equations define a diffusion process on X, controlled by the operator
) 8l 3 1 8*
G =P oe— (_.w- + g RN S—
By By 7)) w2 o) ap?

We shall analyse this process using the above algorithm. We first define L,(X, u) in this case. Since X is the
direct product of the circle S and the real line R, we can use the theorem about orthogonal systems in products
[7]. As a measure p,, on S we take the “normalized” Lebesgue measure du, = do/(27), and as an orthonormal
basis the functions 1, V2 cos ¢, V2sin e, V2cos2¢, Nm”% e

The measure on R will be the finite measure g, such that

dup = exp|-p* [(2y)}dp/\/ 2my

where y>0 is a parameter, chosen from considerations of convenience: the orthonormal basis will be the
sequence of Hermite polynomials

Hyp)=1, H @ =p N, Hy® =@ — Ty, ...
H(0) = (-1 /™ exp (p? /(2y)[d"/dp™ exp(~p? [(2y)] / /il

Then, by the above-mentioned theorem, the system of functions H,,,( p} \V2sinag, H,(m V2 cosne (where 1.
n are non-negative integers) is a complete orthonormal system in Lo(X, p), o= 5, @ p,,.
The one-dimensional density f(g, p, 1) of the stochastic process ¢(r). p (1) admits of the expansion

f*")i;(p){ z Hm(p){d +\/2 2’ @mn Sm"@+bmn905n‘9)} (4.2
n=

= Qm /’7 % exp(-p (27, d, =1

The coefficients of this expansion are given by

n=MHp (D)2 sinng, By = MH(P) /2 cosng,  dpy = MHp (D)

Confining our attention in (4.2) to index values 0<<m < N, 0<n < N (rectangular summation) and solving the
resulting system of ordinary differential equations (2.4) [of order N(2N+3)]. say by computerized methods,
we obtain an approximate expression for the one-dimensional density f(¢.p.7). As a byproduct of this
procedure we obtain the coefficients ., b, . d,, (quasi-moments) as functions of time, and then all the
moments ¢, = Mp™e¢™ ¥ of orders up to and including N.

Let us verify the assumptions of the theorem. Since the right-hand sides of Eqs (4.1) are polynomials in p and
the specific measure g, has been chosen. the condition Ge¢; = GH,(p) V2sinng  {or
(WH,,,(p)\/—coqmp)ELq (X, u) is satisfied, as Ge, is a finite linear combination of Hermite polynomials. A
direct check shows that y(N)~N?. In Sec. 5 we shal! show that condition (3.5) is satisfied (for an arbitrary long
but finite interval of time) if x>{N) increases at most as rapidly as a power of N and 1{¢) and olg} are
sufficiently smooth functions of ¢.

Continuing, we confine ourselves to the motion of a pendulum in a uniform gravitational field under
conditions of translational vibration in the planc of the pendulum. Let the vector of v1bro accelerations be a
vector of normal steady white noise V = [V, V] with intensity matrix v = [g;] (i, ] = ). Then It and o are
analytic function of ¢. Equations (4.1) will be

g =p, p=-sing—-ep+V sing- V,c050

The infinite (denumerable) system of ordinary differential equations (2.3) for the unknown expansion
coefficients a,,,,, b,n, dn 18

1 /m
n= —Mélmp * o 5 (~bmein-1* 2000y, ntbmo1, nt ) ¥ AN Dy by n

. mim — 1)

ay r120m—2,n+2 — bm—2,n~—2)+” @2, n+2 Tdm3, n_2}] (4.33

L "\s’ ("am 1,a—1+v20Ym_ i niay,_ o 1A Damey n
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Jmim - 1) -
+— "‘4,7" - ria-amoa mr2tOm 2, n-2) ¥ Om-2, ne2 * bm—2, n-2)
. m Jm@m - 1)
= -J= + MR - PP Y
dy = ~medy, 2y ‘m=1,1 Wt (—V128m—22*+ v bym_2,2)

¥IE (g, =~V W2, =, v, )2, v Q)

Confining our treatment of system (4.3) to m and n such that 0<m, n<N and solving the resulting finite
system of linear differential equations, we obtain an approximate expression for the density and approximate
values for the quasi-moments.

One should note that Khas’minskii’s theorem implies the existence of a limiting steady-state solution, i.e. the
infinite system of exact equations (4.3) has an asymptotically stable point. Therefore all the coefficients a,,,,,
b, dp, will ultimately tend to definite constant values, which determine the density f of the steady-state
solution. For any finite closure, the trace of the matrix of the linear system thus obtained will be negative (it is
equal to ~ eN(N+ 1)(2N + 1)/2). But this means that the phase flow of the equations reduces volumes.

Numerical experiments on a personal computer, using the scientific software package NALIB (developed at
the Institute of Informatics Problems of the Academy of Science of the U.S.S.R.) have shown that when N =
2, ..., 6 (for definite values of €, v, ») all the real parts of the eigenvalues of Ay are negative (all the
eigenvalues are simple) and k,(N) depends only very slightly on N. All computations were repeated for two
other measures u,, with densities 1 and exp(p%(2{)), respectively (the orthogonal basis on the real line in both
cases consisted of the Hermite functions), guaranteeing the validity of the conditions f/u; € L,(X, u) and
F*(flur)d¢* dp™ € Ly (X, ). Since the results were the same, these cases are not discussed here.

Figure 1 shows the form of the one-dimensional density f,, of the steady-state distribution in the cube
{le|=5, |p|<10, 0<2z<0.5}, in the case e=y=1, N=4, and v;; =3, v =1, v, =0.1. An interesting
consequence of the fact that 1, # vy, and vy, # 0 is that the distribution is multimodal. The modes correspond to
the points ¢ =ma (m =0, £1, ...). Thus, owing to the inhomogeneity of the vibration, there is a higher
probability for the pendulum to be in its vertical position ¢ = 7. For comparison, Fig. 2 shows the form of the
one-dimensional steady-state solution in the case € = y = 1, »; = vy = 2 [see formula (4.4)]. For any p, the
distribution on the circle § = {¢} is in this case unimodal (¢ = 0 is the mode, ¢ = = the antimode [11]).

Figure 3 shows the probability density of the angle ¢ in the case e = y = 1, N = 4, vy; = v, = 2). The solid
curve represents the steady-state solution, and the dashed curve a transient at the time ¢ = }4. The initial
density was taken to be the function f(p) = [1 +sin{e + #/3)}J/(27).

Table 1 lists the onset time T of steady behaviour, for a few values of the parameters of the problem.

The initial density was taken to be fy (¢, p) = fo(¢) exp(—p¥2)/V 2.

Some information may be derived by considering only the “first” approximation, when the only coefficients

QAR
oTete 4y,
Teteteste,lr.’

Ay
X ‘\_“f\\\ :
’0‘\\\
OO

Fic. 1.
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Fii, 2.

taken into account from {4.2) are ay;, by, by, 911, ;. Then system {2.4) includes five equations, which split
into three independent subsystems: for aq;, by; . for by, , 44y and for d, . The characteristic values of the first two
subsystems are identical: A, , = —&/2+ V¥4~ y, while the characteristic value of the third is —e. Hence, in
particular, it is evident that the onset of steady behaviour will occur earlier if €74 — y<c0,i.¢. v>€'f2. This is in
good agreement with the data of numerical experiments (see above).

One more property of system (4.3) is worth noticing. I vy = 8, it splits into two independent subsystems.
The first includes a,,,, for even m and b,,,,, for odd m. The second includes a,,, for odd m and &, for even m.

We notice that when the steady-state density f, is known, our method yields a representation of the
steady-state values of the quasi-moments ¢; = [ yef,.duo as solutions of an infinite system of linear algebraic
equations [one should set ¢; =0 in (2.2)]. Sometimes this solution may be found in the form of continued
fractions. In such cases one obtains exact, rapidly convergent formulae for the integrals ¢, f,,du,, though it
may be difficult to evaluate these integrals directly.

To ilustrate this, et us consider the example of a pendulum in a homogeneous gravitational field, when
vz =0, ¥y = vy = v. In this case, the exact expressions for the deasity of the steady process o{t}. p{r} {in the
narrow sense) is well known

[seCo, Py =8 expl—y 1 (p*/2 ~ cosp). @#=const, = vi(2e) {4.4)

1t follows from this formula that ¢ and p are statistically independent in the limit. The momentam p is
normally distributed with zero mean and variance v, while the probability density of the angle ¢ (the density of
the measure on the unit circle) is given by fi{g} = #exp{ v lcose¢), 8, = const.

F
/T N
f \
i \\
f/"‘z \
f \
X 7 41 Ny
Q\_/, N
\_’/ S
4 -2 8 F 56

Fic.
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TaBLE 1
€ 1 1 1 2 4 0.25 0.5 1 2
Y1y 2 4 8 2 2 2 3 3 3
2P 0 0 0 0 0 0 0.1 0.1 0.1
Va2 2 4 8 2 2 2 1 1
Y 1 2 4 0.5 0.25 16 2 1 0.5
T 11.5 12.5 13 28.5 35 4?2 26.5 15 30

The numbers

m
ey = [ e"™f (Ddp=bgy+iag, (1=0,%1,12,...)
-7
are known as the power moments of the measure u(dp = f1(¢) de) or trigonometric moments. The sequence ¢,
is also called the characteristic function of ¢ [11].
The steady-state values of the coefficients a,,,, b, d,, [the equilibrium position of system (4.3)] may be

determined. The only non-zero coefficients are by, , for which we obtain the following system of linear algebraic
equations

“ZH29by, +by, =0, ..., —bo n_1+2n7bg, n+bg, ns1=0,... 4.5)

Solutions of these equations are found as continued fractions, yielding expressions for the steady-state values
of the trigonometric moments

2
Mcosy = [ fi(p)cospdo=by,INZ=1/2y+ 1/4y + 1/6y+ ...
0

27
Mcos2p= [ fi(p)cos2edp=b,,/\2=1/1+ 2(2y)* + 29/6y + 1/8y + 1/10v + . ..
(1]

Although the approximate results described above are guaranteed to be close to the exact solution over a
finite time interval (which will be longer, the greater N), the case of v, = 0, ¥;; = vy, = v demonstrates that the
approximation may remain good over an infinite time interval. Here the convergence of the approximate value

of the steady-state f}; to its exact counterpart f;, as N increases is as rapid as for the continued fractions b,, and
b()z .

5. CONCLUSION

We will now consider the function F(e, p, t)=f(¢, p, )(V2u(p)) € L,(X, w) and its Fourier series
Fo,p,t) ~ Z on(p)[dm + X . @mn sinngp + by, cosnyg)) (d, =1) (5.1
m= n=

Let us estimate the remainder (¥, 7) of the Parseval series for F. Let F have k continuous derivatives with

respect to ¢, and r continuous derivatives with respect to p. Differentiating the series (5.1) successively k times

with respect to ¢, and r times with respect to p, and comparing the coefficients of the series thus obtained
ah:+r F

— Z HpDdyp+ Z (ap,sinng+ by, cosng)l
20 ap m=0 n=1

with those of the original series, we see that, depending on the parity of k, one has either

k
On =1 Gmsr nR, bpyn = £n"bmsp uR,  dip=dpm+rR
R=2"m+rym+r—-1)... (m+1)

or
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. _ k * Kk
Gnn =t iy nR, byp=tn"apyp nR

Let us assume that o**" F/agkap” € L, (X, ) for any . Then, using the Cauchy-Schwarz inequality (as in
{12]) for series, we obtain

N o oo o
eN, = Z T ohgpt T (@l T oy =
m=0n=N+1 m=N+1 n=1
=277z T on Mgt Mp@nt.+ T on g, <
m=r n=N+1 m=N+1 n=1
N o w N ” "
<2 ¥ T Mz T oy (Z o (T oMpAR T att )’
m=r nA=N+1 m=r n=N+1 m=N+1 m=N+1 77"
> S a3 - i ~2min(k, r)+%
+( X My X Yy ( Z Z g ] < oN , e*N, 1), p=const
m=N+1 n=1 m=N+1n=1
B = @ + D2ams Emn=a'?  +5%2 Mp={mm ~1)...m -7+ D]~

m-r,n m-r,n

where €*(N, 1) is an estimate for the remainder term (in the rectangular summation method assumed here} of
the Parseval series of 3" F/agFap".

If sup,e*(N, t)— 0 as N— = i.e. the series (5.1) of the function 8**" F/a¢* ap” is uniformly convergent, the
series (5.1) for F is also uniformly convergent and the required estimate is e(N) ~ N "2k 12 However, this
condition is not easy to verify, so we limit ourselves to as long but finite a time interval [, T as required. Let

sup e *(N, 1) = n (M),
€, 7]
Over this interval, then, we have e(N)<pnN ~2™n&.0+V2 Condition (3.5) (translated into the vector indexing
adopted in this section) will be

im  (NQN+ 352N ~2Imintk N+ 6 = g (5.2)
N > o0

Consequently, if x5y increases as N— o at most as rapidly as N*™"®071=12 then condition (5.2) is
satisfied.

In conclusion, we would like to point out that these results may be generalized to the case in which the vector
of random forces F may be written as F = b(q) 7(¢), where 7(¢) € R is a vector of random functions satisfying
the shaping filter equation

" = alx) + b0V ()

where V(r) (dimV = 1) is a vector of normally distributed white noise with intensity matrix ». In that case
X=T*QxR" x=[q'p'7]
The author would like to thank E. R. Korepanov for assistance in carrying out the computations.
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